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Synopsis

Nonlinear displacement response of reinforced concrete
structures is investigated by a parametric study of
single-degree-of-freedom systems with appropriate
hysteresis properties., Strength, stiffness, and the
type of ground motion are the main variables
considered, It is shown that a set of dimensionless
parameters defining the three variables can be used
to determine whether the displacement response can be
satisfactorily determined using linear-response

analysis.,

1. INTRODUCTION

Distortion of a reinforced concrete structure caused by strong ground
motion is an important factor in the planning and proportioning of
reinforced concrete structural systems. This paper reports the results of
a parametric study to investigate the effects of strength, stiffness, and
type of ground motion on nonlinear displacement response. It is shown that
nonlinear displacement response of analytical models with force-
displacement properties similar to those of reinforced concrete under
cyclic loads can be related simply and satisfactorily to linear-response
spectral values using dimensionless parameters for strength, initial
stiffness, and the type of ground motion.

Most of the generalizations about seismic response are based on Newmark's
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observations of nearly constant response ranges of acceleration, velocity,
and displacement, and how the magnitudes of these ranges can be modified on
the basis of tolerable ductility limits. The tangible evidence for
Newmark's 1initial observations on earthquake response rests in two
studiesl)'z) of dynamic response using elasto-plastic models with equal and
constant loading/unloading slopes. Recently, Otani3) re-evaluated the
effect of differences in hysteresis models on response with results which
generally confirmed Newmark's insights but indicated that for systems with
periods less than 0.15 sec, the required ductility tended to be more than
that anticipated,

In 1975, Kato and Akiyama4J returned to Housner's "energy input" concepts)
for understanding structural damage. This work led to methods of design
with energy as the basic principleG). In an evaluation of structural
response in relation to dissipated energy, Suzuki and Takeda’’ noted that
the nonlinear displacement response of a single-degree-of-freedom system
should be treated differently in regions of constant-acceleration and

constant-velocity response.

The work presented in this paper builds on ideas from the above sources to
arrive at simple generalizations about the relationship of nonlinear to
linear displacement response for reinforced concrete étructures. Main
parameters considered are ground-motion characteristics, hysteresis-model
types, initial stiffness, and strength,

2, GROUND MOTION RECORDS

Three earthquake records were selected to represent the three general
conditions of ground stiffness: hard, medium and soft.

The N21E horizontal component of the acceleration record obtained at
Castaic, California during the 1971 San Fernando earthquake was considered
to represent the type of motion to be encountered at a "hard" site. The N-S
component of the record obtained at El Centro, California, during the 1940
Imperial Country Earthquake was assumed to represent the motion for a
"medium" site. To represent the motion at a "soft" site, the E-W component
of the record obtained at Hachinoche, Japan (Tokachi-Oki Earthquake 1968)
was used. The Castaic 1271 N21E acceleration record was obtained from the
U.S. Geological Survey, Menlo Park. The El Centro 1940 N-S and Hachinohe
1968 E-W acceleration records were obtained from the files at the Building
Research Institute, Tsukuba, Japan.
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After examination of various noise components in acceleration records, it
was concluded by Trifunac et al.e), that most of the noise in ground motion
records was concentrated at the low- and high-frequency ends of the
signals, and that a record filtered to eliminate a range of high and low
frequencies would be a good representation of the true signal. To filter
the three selected records in order to eliminate the effects attributed to
spurious signals, the procedure proposed by Hodderg) was selected, because
it is simple to implement and because it has an adequate transition band
width at the low-frequency end. Another positive attribute of Hodder's
procedure 1s that its results are in very close agreement with those

obtained by Sunder and Connorlo) who used a lengthier procedure.

The main features of the filter proposed by Hodder are shown in Fig. 1.
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Fig. 1 Frequency Ranges for the Filter
(fS = 0.1 Hz for Ll Centro and
Hachinohe and 0.2 Hz for Castaic)

For the low-pass filter, rolloff starts at 24,5 Hz and stops at 25.5 Hz.
Any component of the motion having a frequency higher than 25.5 is.
discarded. Between 24,5 and 25.5 Hz, signal components are multiplied by:

sin?(X 255 = £ ;) - gin2(p % (25.5 - £)/2.0) (1)
2 25.5 - 24.5

where, f is the frequency of the signal component considered.
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Table 1. Ground Motion Records

Acceleration| Velocity [Displacement Filter?
Max. Timea) Max, Time Max, | Time Highc) Low e)
G sec. mm/ sec. mm sec, [Pass pass
sec, Hz Hz
Castaic 1971 n21g | 0-316| 2.60 - - - - - -
0.317 2.60 |162.6 | 1.34 25.9 |1.00 0.20 25,5
El Centro 1940 Ns | 0349 2.14 - - - - - =
0.348 | 2.14 }336.0 | 2.18 71.6 } 5.08 0.10 25.5
Hachinohe 1968 Ew | 0-186| 0.22 - R - - - -
0.183] 0.22 |331,9]1.90 |104.0 |6.36 0.10 25,5
a) Time of occurrence of maximum value
b) After Hodder (Ref, 9)
c) Roll off termination frequency
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Fig. 2 Acceleration, Velocity and

Displacement Histories for
Castaic 1971 N21E
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Fig. 5 Displacement and Energy Spectra
(Castaic 1971 N21E)
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For the high-pass filter, rolloff starts at a frequency (£, + 0.15) and
ends at a frequency of fs. The frequency fS is the largest of 0.1 Hz,
3/TL, and fp/15, where Ty, is the duration of the record and fp represents
the frequency for the highest amplitude of the Fourier spectrum for the

record.

In the 0.,15-Hz range between the rolloff bounds, the signal component is
multiplied by:

£-f
sin?(Z 5] = sin(q * (£ - £4)/0.3] (2)

2 0.15

The two frequencies bounding the filter for the records processed are
tabulated in the last column of Table 1. The filtered acceleration records
and the computed velocity and displacement histories are shown in Fig. 2
through 4 for the first ten seconds. Table 1 shows the maximum

acceleration values and the maximum computed velocity and displacement
values as well as the time at which they occurred.

3. ENERGY RESPONSE SPECTRA

Displacement response and energy response spectra for the three ground
motions are shown in Fig. 5 through 7. Response spectra were based on the
first ten seconds of each acceleration record. Procedure for the

determination of the energy response spectrum is described below.

The equation of motion of a linearly elastic SDOF system is:
m¥X + cx + kx = -m¥ (3)

where, m : mass
c : coefficient of viscous damping
k : stiffness constant

X, %, ¥ : displacement, velocity, and acceleration of mass with
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respect to base

ig : acceleration of base

Equation (3) is written in terws of forces. It can also be written as a

statement of energy balance during a very short time increment At,
mx{t) ° Ax + cx{t) © Ax + kx(t) * Ax = - miq(t) e Ax (4)

To show the relation of Eg. (4) to familiar forms of energy, it may be
integrated over a time period, t, recognizing that Ax = x*At with At~

approaching zero,

t t t t
mj' #xdt + cg %2at + kf xxdt = - mj k xdt (5)
0 0 0 0

Integrating by parts,

t t
Mi(t)12 + Kre(ry1? + cj %2t = - mj S xdt (6)
2 2 o o

The terms in Eg. (6) are interpreted as:
Kinetic Energy + Potential Energy + Dissipated Energy = Input Energy

To obtain the input energy for an oscillator of given stiffness and viscous
damping, the left-hand side of Eq. (4) is evaluated numerically for
calculated acceleration, velocity, and displacement responses over any
specified part of a given ground-motion record., The maximum energy, E e
determined during this process is the spectral value for the period and
damping factor of the oscillator.

A convenient form for presenting energy response is the equivalent
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velocity, V obtained from Eq. (7).
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(7)

where En is maximum input energy and m is mass of the oscillator.

Akiyamaa) has suggested that the
energy response spectrum can be
represented ideally by two straight
lines (Fig. 8) with the first line
going through the origin and the
second representing a "flat" bound.
The period at the intersection of
these two portions, TG, usually
occurs at a value comparable to the
period at the intersection of the

constant-acceleration and constant-

velocity response regions. 1In this
paper, 1t will be called the
characteristic period of the ground
motion. The characteristic periods
of the ground motions selected arc
indicated in Fig, 8.

41, HYSTERESIS MODELS

RESPONSE SPECTRUM

ENERGY

TG Ve
(sec.) (mm/sec.)
CASTAIC 1971 N21E 0.35 650
EL CENTRO 1940 NS 0.55 1100
HACHINOHE 1968 EW 1.20 1500
L ,
e |
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|
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|

PERTIOD (SEC.)

Fig. 8 Idealization of the Energy

Response Spectrum

The four hysteresis models used are illustrated in Fig. 9.

Hysteresis model 1 is the well-known elasto-plastic model with constant

slope for loading and unloading, Even though it is a poor representation

of the actual response for most structural engineering materials, it is
useful because it represents a reasonable upper bound for energy

dissipation,

Hysteresis model 2, used to represent reinforced concrete by Clough and

Johnstonll)

the 'loading slope.
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Fig. 9 Hysteresis Models

Hysteresis model 3, used by Otani3) as a simplified version of the Takeda

hysteresislz) for reinforced concrete, is similar to model 2 except for the
unloading slope which varies with loading history as indicated by Eg. (8).

[
K. =K, I— (8}

P

K. : unloading stiffness

~

yielding stiffness

X : maximum displacement

-3
.-

yielding displacement

& : constant defining unloading stiffness
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Hysteresis model 4 may be'considered to be a variant of model 1, The main
difference is the "slip"; loading in either direction does not start unless

the point on the displacement axis corresponding to the immediately
previous unloading is reached.

Relative energy dissipation capabilities of the first three models may be

compared by using the equivalent viscous~damping values defined by
Jacobsenl3).

For model 1, the eguivalent viscous damping is given by Eq. (9).

Bp=2* 1 -1/my/m ' (9)
Bl : equivalent viscous damping for hysteresis model 1

M : ratio of maximum to yield displacement

For models 2 and 3,

By = (1 - ul®1)yq (10)

B, : equivalent viscous damping for hysteresis models 2 and 3
2 q

Variations of the equivalent viscous-

damping factors with the ductility « 0.0 T

ratio are compared in Fig. 10 for the % MODEL 1
first three models, The damping §

factors plotted refer to constant- % 0.4 MODEL 2 ]
amplitude cycles and are irrelevant By

to earthquake response, but they do g 0.0 L

provide a measure of the relative E ' MODEL 3
capabilities of the hysteresis M

systems to dissipate energy. g 0.0 ; ’

Although a comparable value cannot be 2 0 5 10 15
calculated directly for model 4, it M DUCTILITY FACTOR

is plausible to assume that model ¢ Fig. 10 Equivalent Damping Factor

has less energy-dissipation
capability than the other three
models.
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5. CALCULATED DISPLACEMENT RESPONSE

To study the trends of calculated displacement response, calculations were
made for a number of single-degree-of-freedom oscillators. The
organization of the parametric studies is illustrated by the arrangement of
Fig. 11. Two different initial stiffnesses were considered. Calculations
for oscillators with an initial period of 0.3 are summarized in the top row
of three plots and those for oscillators with an initial period of 1.0 sec.
are summarized in the bottom row of three plots. Response was determined
for the three ground motions attributed to hard, medium, and soft sites,
leading to the six plots in Fig. 11. Each plot includes four curves, one

for each of the hysteresis models discussed.

For each hysteresis model, calculations were made successively for a series
of single-degree-of-freedom oscillators of increasing strength. If the
response of an oscillator remained in the linear range, calculations were
stopped for that series. The horizontal line in each figure represents the

displacement corresponding to linear response.

Dynamic response was determined using Newmark's beta method14) with beta
set at 1/6. At instants of slope change of the assumed hysteresis,
iterations were continued until both the equation of dynamic equilibrium
and the overall hysteresis relationship were satisfied. Response was
determined for a duration of ten seconds for each ground-motion record.
Time interval was the smaller of 0.01 sec. and TO/ZO, where TO is the
initial period of the oscillator. The damping factor, which varied
linearly with the stiffness, was assumed to have an initial value of 0.02.

The abscissas in Fig. 11 refer to the base shear strength céeffic;ent, Cy'
which defines the force at the initial break point (yielding) of the
assumed force-displacement relationship as a ratio of the assumed weight of
the oscillator., The ordinates are given in mm., Because of the low
displacements calculated, the data for the Castaic record were poltted with

a different y-axis scale.

For each combination of period and ground motion, the trends of the four
curves obtained for different hysteresis models can be said to be generally
similar. The curves for models 1-3 are more consistent with each other
than with the curve for hysteresis model 4. The magnitudes of the response
displacement for an oscillator of given strength are different for
different hysteresis models. For the 0.3-sec. oscillator, the relative
magnitudes of the displacement curves are in an order consistent with the
equivalent damping implied by the hysteresis models, especially for the El
Centro and Hachinohe motions. This result is attributed to the fact that
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the assumed shapes of the force-displacement relationship have more
influence on energy dissipation if the displacement attained is large and
the yield displacement is small, Comparisons of displacement response
calculations with experimental resultslS) have shown that hysteresis model
3 leads to satisfactory results for determining maximum displacement

response of reinforced concrete structural models.

The data in Fig. 11 have been presented without modification to account for
differences in intensity of the acceleration records. To permit direct
comparisons among the displacement responses calculated for the three
ground motions, a normalizing scheme was devised. Displacements and base
shear strength coefficients were plotted as ratios of corresponding linear-
response gquantities calculated for a damping factor of 0.02, Displacement,
DR, and strength, SR, ratios are defined below.

DR = Dn/Ds (11)
SR = Cy/(AS/g) : (12)
where,

A_ : displacement and acceleration responses for a linear

oscillator with period Tg

D : displacement response for a nonlinear oscillator with

initial period Ty
C, : base shear strength coefficient (shear strength/weight)
g : acceleration of gravity

Figure 12 shows the relationship between normalized displacement and base
shear strength. Each plot compares the response to the three ground

motions for oscillators having the same initial period.

For oscillators with a 0.3-sec. initial period, the displacement ratio
varies at different rates with the strength ratio, the rate depending on
the ground motion. Because the plotted quantities have been normalized
with respect to spectral response, it is assumed that the observed
differences are caused by the differences in fregquency content and,
possibly, sequence rather than by differences in acceleration magnitudes.
Displacement response for this case is seen to be insensitive to the
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Fig. 12 Variation of Nonlinear Displacement
Response with the Type of Ground Motion

strength ratio at strength ratios higher than approximately 0.5. Below
that value, the displacement ratio appears to be guite sensitive to the
ground motion attributed to a soft site (Hachinohe) and virtually
insensitive to that for a hard site (Castaic) with the response for El
Centro representing an intermediate case,

The displacement data in Fig. 12 refer to cases with base shear strength
less than that required for linear response with a damping factor of 0.02.
In every case up to a strength ratio of unity, calculated response extended
beyond the break point in the assumed force-displacement relationship. Aas
a result, the effective period increased and, in keeping with the assumed
hysteresis model, the capability to dissipate energy or the area included
in the largest hysteresis loop increased. These trends indicated by the
calculated displacement ratios with the strength ratio and the type of
ground motion may be rationalized with the help of the energy spectra (Fig.
5 through Fig. 7).

If the initial period of the oscillator is above the characteristic ground
period TG, an increase in the effective period causes a small increase, if
any, in the energy demand (Fig. 5 through Fig. 6). Under those conditions,
the oscillator is able to dissipate the energy with little or even no
further increase in displacement above that for linear response. If the
initial period of the oscillator is below TG, and increase in the effective
period is likely to result in an increase in the energy demand. The
displacement response has to increase to dissipate the energy. Because the
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energy dissipated depends on the strength of the system as well as on
displacement, the required increase in the displacement ratio is a function
of the strength ratio; the increase in the displacement ratio decreases
with increase in the strength ratio.

This rationalization suggests that the displacement ratios may be
normalized to reflect the effect of the type of ground motion using the
hypothesis that oscillators having similar period ratios, TR = TOITG
(initial period/characteristic period for the ground motion), will have
similar variations of the displacement ratio, DR, with the strength ratio,
SR. Figure 13 tests this hypothesis.

Each one of the six plots in Fig. 13 compares variations of the
displacement ratio with the strength ratio for equal values of the period
ratio, TR, ranging from one-sixth to twice the period, TG, assumed to
define site characteristics., 1In general, the data in the six plots
indicate that the period ratio, TR, is appropriate for organizing the
results of calculated displacements. There are some discordances. At TR =
(4/3), data for Hachinohe tend to lie high. At TR = (2/3), the values for
El Centro separate from the other two for low strength ratios. The
calculated spectral response curves for Hachinohe (Fig. 7) show that it has
very low response in the range 1.4 to 1.9 sec. Idealizing the displacement
spectrum promises to improve consistency in Fig. 13.

A simple subjective procedure was used for determining the idealized

200

2D

DISPLACEMENT (MM)

0.0 TG/3 TG 271G 1.5

PERIOD (SEC.)

Fig. 14 Construction of the Idealized
Displacement Response Spectrum for
a Damping Factor of 0.02
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response spectra by using the calculated response spectra for a damping
factor of 0.02 as shown in Fig., 14. First, a line passing through the
origin was chosen to provide a reasonable fit to the calculated cur§e
between the periods TG and 2TG (Line AB in Fig. 14), It was assumed that
the idealized spectrum for a damping factor of 0.02 would be line CD
obtained by doubling the ordinates of line AB16). Idealized spectrum in
the period range (TG/3) to TG was assumed to vary as the square of the
period and have the ordinate 2Dg at TG.

Relationships between displacement and strength ratios based on idealized
spectral response are shown in Fig. 15. The data plotted in Fig. 15
demonstrates that the parameters selected for normalizing displacement
response are appropriate,

From the trends of the normalized data in Fig. 15, it may be concluded
‘that:

(1) For TR + SR > 1.0, the displacement ratio is likely to be approximately
unity. Therefore, displacement response can be satisfactorily
estimated using the spectral response value for a damping factor of
0.02,

(2) For TR + SR < 1.0, the displacement may be estimated by interpolating
from the curves in Fig. 15 and 13.

These two complementary observations provide a basis for estimating drift
of reinforced concrete buildings. It should be noted that the initial
period considered in the paper corresponds to an intermediate value between
the periods corresponding to uncracked and fully cracked section. For
practical applications, the building period to be used in determining the
period ratio, TR, may be assumed to be approximately v2 times the value for
uncracked section or the value obtained from a simple relationship such as
T = 0.1N, where N is the number of stories, for reinforced concrete frames.
If the displaced shape of the building at the time of maximum expected
drift can be estimated, distribution of deflection over the height of the
building may be determined by procedures described in References 17) or
18).

6. SUMMARY

In order to investigate the possibility of developing a simple procedure
for determining seismic drift of reinforced concrete buildings, a
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parametric study was made using single-degree-of-freedom oscillators with
hysteresis properties simulating the behavior of reinforced concrete
systems., The main variables considered were initial stiffness, strength,
and type of ground motion. Scope of the variable combinations included in
the étudy is summarized by Fig. 11. The two initial periods, 0.3 and 1.0
sec,, reflect the stiffnesses. The three ground motions selected are
assumed to be representative of motions for hard, medium, and soft ground.
Nonlinear response was calculated for a series of oscillators of increasing
strength in each case, The straight horizontal lines in each figure
represent maximum linear response for the initial period of the oscillator
at a damping factor of 0.02.

Values of strength and calculated displacement were normalized by
expressing them as strength and displacement ratios or as ratios of the
pertinent linear-response (damping factor = 0,02) values defined by Eq.
(11) and (12). Trends of displacement ratios with strength ratios (Fig.
12) indicated that the period ratio, or the ratio of the initial period of
oscillator to characteristic period of the ground motion TG determined
using the energy spectrum, could be used to organize the data for the types
of ground motion considered. Plots of displacement vs strength ratio
organized accordingly (Fig, 15) demonstrated that the nonlinear-response
displacement was essentially the same as the displacement obtained from a
linear-response calculation with a damping factor of 0.02, provided the sum
of the strength and period ratios was not less than one. If the sum is
less than one, the displacement may be estimated by interpolation from the
data in Fig. 15. These two generalizations provide the basis of a simple
procedure for estimating drift. As a minimum, they will help identify
whether the drift estimate can be accomplished using a linear-response
spectrum or whether more detailed modeling and calculations are regquired,
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